Umbral dots (UDs) are small isolated brightenings observed in sunspot umbrae. They are convective phenomena existing inside umbrae. UDs are usually divided into central UDs (CUDs) and peripheral UDs (PUDs) according to their positions inside an umbra. Our purpose is to investigate UD properties and analyze their relationships, and further to find whether or not the properties depend on umbral magnetic field strengths. Thus, we selected high-resolution TiO images of four active regions (ARs) taken under the best seeing conditions with the New Vacuum Solar Telescope in the Fuxian Solar Observatory of the Yunnan Astronomical Observatory, China. The four ARs (NOAA 11598, 11801, 12158, and 12178) include six sunspots. A total of 1220 CUDs and 603 PUDs were identified. Meanwhile, the radial component of the vector magnetic field of the sunspots taken with the Helioseismic and Magnetic Imager on-board the Solar Dynamics Observatory was used to analyze relationships between UD properties and umbral magnetic field strengths. We find that diameters and lifetimes of UDs exhibit an increasing trend with the brightness, but velocities do not. Moreover, diameters, intensities, lifetimes and velocities depend on the surrounding magnetic field. A CUD diameter was found larger, the CUD brighter, its lifetime longer, and its motion slower in a weak umbral magnetic field environment than in a strong one.
Introduction
There are some small bright features called umbral dots (UDs) in a dark umbra, and the features can be found almost all over umbrae and pores. UDs only 1 Faculty of Information Engineering and Automation/Yunnan Key Laboratory of Computer Technology Application, Kunming University of Science and Technology, Kunming 650500, China email: ynkmfs@escience.cn 2 Key Laboratory of Solar Activity, National Astronomical Observatories, Chinese Academy of Sciences, Beijing 100012,China cover 3 -10 % of the umbral area, but contribute 10 -20 % of the brightness. Therefore, convective motions must exist within umbrae because radiation cannot explain the phenomena (Deinzer, 1965; Sobotka, Bonet, and Vázquez, 1993) . Therefore, UDs play a vital role in the energy balance of sunspots. The study of UDs is crucial to understand convective motions and interactions of the plasma with strong magnetic fields, and analyze the formation mechanism of sunspots. Usually, UDs are divided into two classes according to their origins (Grossmann-Doerth, Schmidt, and Schröter, 1986) . UDs are called peripheral UDs (PUDs) near an umbra-penumbra boundary and central UDs (CUDs) in an umbral center. PUDs are generally brighter than CUDs, and move quickly toward the umbral center, while CUDs are relatively static. Two different models have been proposed to explain the formation mechanism of UDs: the clustered magnetic flux tube and the monolithic flux tube model. The former considers that UDs represent hot field-free gas intruded into a cluster of magnetic flux tubes (Parker, 1979) . The latter suggests that the energy transport in an umbra is dominated by non-stationary narrow rising plumes of hot plasma with adjacent downflows. UDs are formed by the narrow up-flow plumes that become almost fieldfree near the surface layer (Schüssler and Vögler, 2006) . The essential difference between the two models is along the boundary of the UDs there exist local downflows in the monolithic flux tube model. Detailed studies of UD properties, such as morphologies, velocities, lifetimes, and intensities, and relationships between different properties are crucial to understand the nature of the local convective motions (Sobotka, Brandt, and Simon, 1997a,b; Bharti, Joshi, and Jaaffrey, 2007; Riethmüller et al., 2008; Watanabe et al., 2012) .
Our purpose is to analyze UD properties and relationships between different properties, and further to find whether or not the properties depend on umbral magnetic field strengths. So we selected high-resolution observations of four active regions (ARs) taken under the best seeing conditions with the New Vacuum Solar Telescope (NVST) in the Fuxian Solar Observatory of the Yunnan Astronomical Observatory, China.
The organization of the paper is as follows. The observations and data reduction are described in Section 2. Section 3 briefly describes the identification procedure of CUDs and PUDs. Section 4 illustrates UD properties and their relationships. Moreover, the relationships between UD properties and umbral magnetic field strengths are discussed. Finally, we give our conclusions in Section 5.
Observations and Data Reduction
The NVST is a vacuum solar telescope with a 985-mm clear aperture whose purposes are to obtain high-resolution imaging and spectral observations, including measurements of the solar magnetic field. The telescope consists of one channel for the chromosphere and two channels for the photosphere. The band used for observing the chromosphere is Hα (656.3±0.025 nm). The bands for observing the photosphere are TiO (705.8±1 nm) and G-band (430.0±0.8 nm). The highresolution data of the NVST are classified into two levels. The level 1 data are processed by frame selection (lucky imaging) (Tubbs, 2004) . The level 1+ data are reconstructed by speckle masking (Lohmann, Weigelt, and Wirnitzer, 1983) or iterative shift and add (Zhou and Li, 1998) . Technical details of the NVST were described by Liu et al. (2014) and Xu et al. (2014) . Because the TiO line is highly sensitive to umbral temperature variations (Berdyugina, Solanki, and Frutiger, 2003) , its observations are more appropriate to investigate UDs. Therefore, we used the level 1+ TiO observations, rather than the Hα and G-band ones. We selected high-resolution image sequences of six sunspots taken under the best seeing conditions since October 2012. The sunspots located in four ARs: NOAA 11598, 11801, 12158, and 12178. The observation parameters are listed in Table 1 . The high-resolution data were obtained without adaptive optics. But the resolution of the reconstructed images can almost reach as high as the diffraction limit of the NVST in good seeing conditions . From the table we see that the pixel size of the sequences is different before and after 2014. This is because the NVST team changed their optical system on 19 May 2014.
The images in each sequence were co-aligned by the subpixel registration algorithm (Feng et al., 2012; Yang et al., 2015) . From Table 1 we see that the sunspots located in NOAA 11598, 11801, and 12158 were away from the solar disk center, especially the sunspot of NOAA 11801. Its heliocentric angle, θ, was close to 39
• (i.e., cos(θ)=0.78). So we used the SolarSoft routine wcs convert from coord to transform the images of NOAA 11598, 11801, and 12158 to heliographic coordinates for correcting the projection effects (Sun, 2013) . Figure 1 shows a reconstructed and projection-corrected image of NOAA 12158 recorded on 13 September 2014 at 03:00:00 UT, where three sunspots (A, B, and C) are present. 
Identification and Tracking of UDs
We followed the method discussed in Feng et al. (2015) to identify and track CUDs and PUDs. The method mainly consists of three steps: first, the periphery (umbra-penumbra) and center boundaries in an umbra are detected based on the morphological reconstruction technique; second, the UDs are identified based on the phase congruency technique; finally, the identified UDs are tracked based on a 26-connected neighborhood technique. The phase congruency technique has been used to extract low-contrast solar features, like coronal loops and umbral flashes (Feng et al., 2014a,b) . Empirical distance thresholds have been used to divide UDs into CUDs and PUDs (Riethmüller et al., 2008; Watanabe, Kitai, and Ichimoto, 2009; Hamedivafa, 2011; Louis et al., 2012) . Riethmüller et al. (2008) considered an UD as a PUD if the UD's birth position is closer than 400 km from a defined umbra boundary, otherwise it is defined as a CUD. Hamedivafa (2011) defined a narrow width near an umbral boundary where the UDs are considered as PUDs. Louis et al. (2012) considered UDs with a threshold 0.8" inward from an assigned umbra boundary as CUDs, and those located outward as PUDs.
Because the definition of the periphery (umbra-penumbra) and center boundaries is crucial to classify UDs, we briefly introduce the definition and the identification procedure proposed by Feng et al. (2015) . They defined the periphery and center boundaries according to an umbral profile. We show the three-dimensional surface of a reconstructed and projection-corrected image obtained from NOAA 11801 in Figure 2 . The X and Y axes indicate the image size and the Z axis its normalized intensity. The color bar on the right indicates the intensity range from 0 (blue) to 1 (red). As illustrated with a red dashed line, the profile of the umbra can be approximated by a trapezoid whose two sides appear skewed, and the base is relatively flat. Here, the base of the trapezoid is defined as the center of the umbra where the UDs are considered as CUDs. The two skewed sides of the trapezoid are defined as the peripheral region where the UDs are considered as PUDs. For obtaining the periphery and center boundaries, an image was reconstructed by the morphological reconstruction technique, and two thresholds, 0.3 and 0.6 R max , were used. R max denotes the maximum intensity of the reconstructed image. Identified UDs were divided into CUDs and PUDs according to the boundaries. However, we only obtained an insignificant number of PUDs in sunspots A, B, and C of NOAA 12158. The PUDs are so few that we cannot obtain accurate statistical results. Therefore, we abandoned the PUDs in these three sunspots. As a result, we extracted CUDs from six sunspots and PUDs from three sunspots. Although the division method of CUDs and PUDs might misclassify a few CUDs or PUDs, this has no effect on statistical results of UDs. Two identified results are shown in Figure 3 . The periphery and center boundaries are marked with yellow and red curves, and the UDs are marked with white contours.
Results and Discussion
Firstly, the means and standard deviations of UD properties such as equivalent diameters, ratios of the maximum intensity to the average intensity of the corresponding adjacent umbral background, lifetimes, and horizontal velocities are obtained with distribution functions. Secondly, the intensity-diameter, lifetimediameter, lifetime-intensity, and velocity-intensity relationships are analyzed. Finally, the relationships between UD properties and umbral magnetic field strengths are discussed.
Property Definition and Feature Extraction
For each UD, its equivalent diameter (D eq ) is calculated as 4A/π, where A denotes the total number of pixels of an UD. The ratio of the maximum Figure 3 . Boundaries identified by the method . The periphery (umbra-penumbra) and center boundaries are marked with yellow and red curves, and the UDs are marked with white contours. (a) The result for a corrected sample image from NOAA 11801 whose original image was taken on 1 August 2013 at 03:48:04 UT. (b) The result for the sunspot marked as B in Figure 1 . Note that there is no yellow curve. This is because only an insignificant number of PUDs were identified, and they are not enough to obtain accurate statistical results. Thus, we abandoned the PUDs and the corresponding peripheral region. intensity (I ud ) to the average intensity of the adjacent umbral background (I bg ) are determined from the identified areas. Some UD properties are defined using the tracking procedure; they are lifetime (T ud ), birth-death distance (L bd ), and horizontal velocity (V ud ). T ud is the sum of the cadence of all frames; L bd is the centroid distance from its birth to death frame; V ud is computed by dividing L bd by T ud . We rejected the UDs whose diameters were lower than 130 km (0.18") and lifetimes were less than two minutes for accurate statistical results. In the tracking procedure, if splitting or merging occurred, the UD was discarded. As a result, a total of 1220 CUDs and 603 PUDs were identified. Table 2 lists the number of CUDs and PUDs of each sunspot. Subsequently, we utilize them to analyze UD properties and their relationships, and the relationships between these properties and umbral magnetic field strengths.
UD Properties
We obtained the probability histograms of UD properties in each sunspot, and fitted them with distribution functions for obtaining property values of UDs. Figure 4 shows the histograms and their fit curves of the UDs located in AR NOAA 12178; other ARs are not shown due to similar histograms and fit curves. But all the fitted means and standard deviations are listed in Table 3 . The red color indicates the histograms and the corresponding fit curves of the CUDs, and the blue color those of the PUDs in Figure 4 . Figure 4a and b show the probability histograms of equivalent diameters and intensity ratios. We followed the method used in previous works (Hamedivafa, 2011; Watanabe et al., 2012; Feng et al., 2015) to fit the distribution of the diameters and the intensity ratios with a Gaussian function. The function is as follows.
Here, µ and σ are the mean and the standard deviation, respectively. µ was used as the property values of equivalent diameters and intensity ratios. The mean diameters of CUDs range from 178 to 235 km, and that of PUDs from 195 to 226 km (see the third column in Table 3 ). The diameters of all the UDs range from 131 to 366 km. The results are in good agreement with those of previous works (Hamedivafa, 2008; Riethmüller et al., 2008; Bharti, Beeck, and Schüssler, 2010; Kilcik et al., 2012) . They concluded that the range of UD diameters is between 150 and 350 km. The mean intensity ratios of CUDs range from 1.05 to 1.10 and that of PUDs from 1.08 to 1.15 (see the fourth column in Table 3 ). This demonstrates that the brightness of CUDs is 5 -10 % higher than that of their adjacent backgrounds, while the brightness excess is 8 -15 % for PUDs.
As shown in Figure 4c , the probability histograms of UD lifetimes approximate an exponential distribution. et al. (2015) also found that UD lifetimes exhibit a similar distribution. So we used an exponential function to fit the histograms, which is described as follows.
For an exponential distribution, both the mean and the standard deviation are equal to λ −1 , which was used as the property value of UD lifetimes. The mean lifetimes of UDs range from 4 to 8 minutes (see the fifth column in Table  3 ). This result is in qualitative agreement with other works in the literature (Sobotka et al., 1999; Riethmüller et al., 2008; Hamedivafa, 2011; Feng et al., 2015) .
The horizontal velocity histograms of UDs, regardless of CUDs and PUDs, show approximately Gaussian distribution with zero mean and the same variance in the X and Y axes of the helioprojective-Cartesian coordinate system, demonstrating that the horizontal velocity follows a Rayleigh distribution (Siddiqui, 1964) . Therefore, we used a Rayleigh function to fit the velocity histograms. The function is defined as,
where σ is the scale parameter of the distribution. The mean and the standard deviation are equal to σ π/2 and σ (4 − π)/2, respectively. We used the two values to describe the velocity property of UDs, rather than the peak of the distribution. The mean values and standard deviations are listed in column 6 of Table 3 . The velocity range of CUDs is between 0.19 and 0.38 km s −1 and that of PUDs between 0.45 and 0.51 km s −1 (see Table 3 ); the horizontal velocity of CUDs is slower than that of PUDs. Watanabe, Kitai, and Ichimoto (2009) and Kilcik et al. (2012) concluded that PUDs have a relatively fast horizontal velocity because they are located in regions with a strong horizontal component of the magnetic field and/or a strongly inclined field. Our findings confirm their conclusions.
Correlation Analysis of UD Properties
The relationships, such as intensity-diameter, lifetime-diameter, lifetime-intensity, and velocity-intensity, for all CUDs (1220, obtained from six sunspots) and all PUDs (603, from three sunspots) are presented in the form of scatter plots in Figure 5 .
For obtaining the trend of the scatter points, the points were sorted into 15 equally spaced bins along the X axis between the minimum and maximum values of data. The average value of the data within a bin is indicated with a red square symbol, and the green vertical solid line denotes its standard error bar. The locations of the red squares specify the right side of each bin on the X axis, thus the maximum value of the data along the X axis is the location of the last square. A weighted linear fit to the average values of the bins is shown with a red dashed line in each panel of Figure 5 . The weight of each bin is determined by the number of the data in the bin. The method of binning and linear fits has been used by Watanabe, Kitai, and Ichimoto (2009) ; Kilcik et al. (2012) ; Louis et al. (2012) .
In the left column of Figure 5 , the intensity-diameter (Figure 5a ), lifetimediameter (Figure 5c ), and lifetime-intensity (Figure 5e ) exhibit an increasing trend. However, the velocities present a weak inverse relationship to the intensity ratios (Figure 5g ). The results demonstrate that larger CUDs tend to be brighter, live longer and move slower. The trends of PUDs are similar with CUDs, which can be found from the panels in the right column of Figure 5 . The weighted correlation coefficients of the bins are listed in Table 4 . Bharti, Beeck, and Schüssler (2010) concluded from realistic radiative MHD simulations that the area-lifetime and brightness-lifetime relationships are positively correlated. They stated the reason is that stronger and more extended convective up-flows are maintained longer and create larger and brighter UDs. Similar trends were found by Tritschler and Schmidt (2002) ; Sobotka and Puschmann (2009); Kilcik et al. (2012) . Kilcik et al. (2012) studied the statistical properties of UDs using high-resolution observations recorded by the New Solar Telescope at the Big Bear Solar Observatory and three-dimensional MHD simulations of sunspots. They concluded that the UD velocities are inversely related to their lifetimes. Our finding as regards of the CUD and PUD trends also supports their conclusions. 
Relationships Between UD Properties and Umbral Magnetic Field Strengths
In order to analyze relationships between UD properties and umbral magnetic field strengths, we used the radial component of the vector magnetic field, B r for the six sunspots taken with the Helioseismic and Magnetic Imager onboard the Solar Dynamics Observatory (SDO/HMI, Schou et al., 2012) . Because the HMI image pixel-scale is 0.5" and UD diameters are approximately 0.3" (Schüssler and Vögler, 2006; Kilcik et al., 2012; Feng et al., 2015; Yan et al., 2015) , we failed to obtain an accurate pixel-by-pixel magnetic field feature for each UD. So we used the average magnetic field strength of the peripheral and central regions of each umbra. To improve the sensitivity of the average field strength, the B r maps were selected during the observed time interval of each data set and then averaged. Figure 6 shows two B r maps that were from NOAA 11801 and 12158. The maps were first extended to the scale of TiO images using a nearest-neighbor interpolation method and aligned to the corresponding corrected TiO image (i.e., the image shown in Figure 3 ). In this figure, the periphery and center boundaries are superposed on the maps with yellow and red curves. The average magnetic field strength of the peripheral and central regions are listed in Table 5 . Figure 7 shows the relationships between CUD properties (diameter, intensity, lifetime, and velocity) and umbral magnetic field strengths. In each panel of Figure 7 , the six red square symbols indicate the property values of six CUD data sets obtained with six sunspots, and those corresponding green vertical solid lines denote their standard error bars; the red dashed line represents the best linear fit of the red squares. These correlation coefficients are -0.87, -0.91, -0.47, and 0.79 for the four fits in Figure 7a- 
From the fitted lines in Figure 7 we find that diameters, intensities and lifetimes of CUDs have a decreasing trend with increasing magnetic field strength (see plots in Figure 7a -c), while velocities increase (see Figure 7d ). The results demonstrate that CUDs are larger and brighter, and their lifetimes longer, however, their motions slower in a weaker umbral magnetic field environment than a stronger one. To PUDs, the three means of the properties obtained with three sunspots are so few that we did not obtain a significant result.
Conclusions
We selected high-resolution TiO image sequences of four ARs taken under the best seeing conditions with the NVST to investigate UD properties and analyze their relationships. Subsequently, umbral magnetic field strength relationships to UD properties were analyzed using the radial component of the vector magnetic field obtained from SDO/HMI. We found that diameters and lifetimes of CUDs hold an increasing trend with the brightness, but velocities do not. The trends of PUDs are similar to those of CUDs. Moreover, UD properties depend on their corresponding magnetic field environment. A CUD diameter is larger, its brightness higher, its lifetime longer, and its velocity slower in a weak umbral magnetic field environment than in a strong one. 
